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I. INTRODUCTION
The low energy effective theory for baryons is a recurrent topic in low energy QCD, which has evolved through different approaches and improvements. The original version of baryon Chiral Perturbation Theory (ChPT) [1] gave rise to different versions of baryon effective field theories based on effective chiral Lagrangians [2] [3] [4] , starting with the relativistic version [5, 6] or Baryon ChPT (BChPT), followed by the non-relativistic version based in an expansion in the inverse baryon mass [7] [8] [9] [10] or Heavy Baryon ChPT (HBChPT), and by manifestly Lorentz covariant versions based on the IR regularization scheme [11] [12] [13] , which allow for an explicit implementation of the low energy power counting. In all those versions of the baryon effective theory a consistent low energy expansion can be implemented. A key issue, which became apparent quite early, was the convergence of the low energy expansion. Being an expansion that progresses in steps of O(p), in contrast to the expansion in the pure Goldstone
Boson sector where the steps are O(p 2 ), it is natural to expect a slower rate of convergence.
However, a key factor affecting the convergence has to do with the relatively small mass gap between the spin 1/2 and 3/2 baryons. In the context of BChPT, it was realized in [14] that the inclusion of the spin 3/2 degrees of freedom improves the convergence of the oneloop contributions to certain observables such as the π-N scattering amplitude and the axial currents and magnetic moments. There have been since then numerous works including spin 3/2 baryons [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The explanation of those improvements was obtained through the study of baryons in the large N c limit of QCD [25] , where in that limit a dynamical spin-flavor symmetry emerges [26] [27] [28] [29] , which requires the inclusion of the higher spin baryons in the effective theory and leads to a better behaved low energy expansion. In the large N c limit, baryons behave very differently than mesons [30] , in particular because their masses scale like O(N c ) (they are the heavy sector of QCD) and the π-baryon couplings are O( √ N c ).
Those properties were shown to demand, for consistency with π-baryon scattering at large N c , that at large N c baryons must respect the mentioned dynamical contracted spin-flavor symmetry SU (2N f ), N f being the number of light flavors [26] [27] [28] [29] , which is broken by effects ordered in powers of 1/N c and in powers of the quark mass differences. The inclusion of the consistency requirements of the large N c limit into the effective theory came naturally through a combination of the 1/N c expansion and HBChPT [31] , which is the framework followed in the present work. The study of one-loop corrections in that framework was first carried out in Refs. [31] [32] [33] and more recently in [34, 35] . In the combined theory the 1/N c and Chiral expansions do not commute [36] : the reason is the baryon mass splitting scale of O(1/N c ) (∆−N mass difference), for which it becomes necessary to specify its order in terms of the low energy expansion. Thus the 1/N c and Chiral expansions must be linked. Particular emphasis will be given to the specific linking in which the baryon mass splitting is taken to be O(p) in the Chiral expansion, and which will be called the ξ-expansion. Following references [31] [32] [33] [34] , in the present work the framework for HBChPT×1/N c is extended to three flavors. The renormalization necessary for the baryon masses, and the vector charges and axial-vector currents is implemented to one-loop, i.e., O(ξ 3 ). As it had been done in the case of two flavors [34] , the present work gives all results at generic values of N c , i.e., all formulas presented have been derived for general N c , and therefore detailed analyses of N c dependencies can be carried out.
The significant progress in lattice QCD (LQCD) calculations of baryon observables [37] [38] [39] provides opportunities for further testing and understanding low energy effective theories of baryons, which in turn can serve to understand the LQCD results themselves. The determination of the quark mass dependence of the various low energy observables, such as masses, axial couplings, magnetic moments, electromagnetic polarizabilities, etc., are of key importance for testing the effective theory, in particular its range of validity in quark masses, as well as for the determination of its low energy constants (LECs). Lattice results for N and ∆ as well as hyperon masses [40] [41] [42] [43] [44] [45] [46] [47] [48] (results of the last reference are used in the present work), the axial coupling g A of the nucleon [49] [50] [51] [52] [53] [54] and a subset of the axial couplings of the octet and decuplet baryons [55] at varying quark masses can be analyzed with the effective theory, as presented in this work.
This work is organized as follows. In Section II the framework for the combined 1/N c and HBChPT expansions is described. Section III presents the evaluation of the baryon masses to O(ξ 3 ), Section IV presents the corrections to the vector charges, and Section V the corrections to the axial couplings. In both Sections III and V applications to LQCD results are presented. Finally, a summary is given in Section VI. Several appendices present useful material needed in the calculations, namely, Appendix A on spin-flavor algebra, Appendix B on tools to build the chiral Lagrangians, Appendix C on the one-loop integrals, and Appendix D on reduction formulas of composite operators.
II. COMBINED BARYON CHIRAL PERTURBATION THEORY AND 1/N c EX-PANSION FOR THREE FLAVORS
In this section the framework for the combined 1/N c and chiral expansions in baryons is presented in some detail along similar lines as in the original works [31] [32] [33] and the more recent work [34, 35] . The symmetries that constrain the effective Lagrangian in the chiral and large N c limits are chiral SU L (N f ) × SU R (N f ), which is a Noether symmetry, and contracted dynamical spin-flavor symmetry SU (2N f ) [26] [27] [28] [29] 1 . N f is the number of light flavors, where in this work N f = 3. In the limit N c → ∞ the spin-flavor symmetry requires baryon states to fill degenerate multiplets of SU (6). In particular, the ground state (GS)
baryons belong into a symmetric SU (6) multiplet. At finite N c the spin-flavor symmetry is broken by effects suppressed by powers of 1/N c , and the mass splittings in the GS multiplet between the states with spins S + 1 and S are proportional to (S + 1)/N c . The effects of finite N c are then implemented as an expansion in 1/N c in the effective Lagrangian. Because baryon masses are proportional to N c , it becomes natural to use the framework of HBChPT [7, 56] , where the expansion in inverse powers of the baryon mass becomes part of the 1/N c expansion. The framework used here follows that of Refs. [31, 32, 34] .
The dynamical contracted SU (2N f ) symmetry results from the requirement of large N c consistency of baryon observables [26] [27] [28] [29] 2 , in particular the requirement that the Born contribution to the Goldstone Boson-baryon (GB-baryon) scattering amplitude be finite as N c → ∞. The constraint emerges because the GB-baryon coupling is O( √ N c ), and therefore cancellations between crossed diagrams must occur. The 35 generators of SU (6) and their commutation relations are the following:
The between baryons of spin S = O(N 0 c ). These generators are the ones that represent the spatial components of axial-vector currents at the leading order in the 1/N c expansion.
A contracted SU (6) symmetry, which is the actual dynamical symmetry in large N c , is generated by the Algebra where G ia is replaced by X ia ≡ G ia /N c . The ground state baryons belong to the totally symmetric spin-flavor irreducible representation with N c spin-flavor indices, and consist of states with spin S = 1/2, · · · , N c /2 (assuming N c to be odd). For a given spin S the corresponding SU (3) multiplet is (p, q) = (2S, In HBChPT the baryon field, denoted by B, represents the spin-flavor multiplet where its components are sorted out by spin and flavor, that is, the entries in B have well defined spin, and therefore they are in irreducible representations of SU (3).
Implementing chiral symmetry follows the well known scheme of the non-linear realization on the matter fields. Representing the Goldstone Boson octet by:
the non-linear transformation law is implemented:
where
is then a SU (3) flavor transformation. One can therefore define the usual chiral transformations on the baryon fields according to:
where obviously the non-linear transformation h acts on the different components of B with the corresponding SU (3) irreducible representation. Chiral transformations do not commute with SU (6), but they leave the commutation relations unchanged. The chiral covariant derivative D µ B is then given by:
where l µ = v µ − a µ and r µ = v µ + a µ are gauge sources. Another building block is the axial Maurer-Cartan one-form:
Both Γ µ and u µ belong to the SU (3) Algebra, and are written in the general form X = X a T a . When acting on the different components of the field B, T a is obviously taken in the corresponding SU (3) irreducible representation.
The scalar and pseudoscalar densities are collected into:
where s and p are the scalar and pseudoscalar sources, and eventually s is set to be the quark mass matrix.
The field strengths associated with the gauge sources are:
Since contracted SU (6) is not a Noether symmetry, its role in the effective Lagrangian is to primarily constrain couplings. For instance, at the leading order one such a constraint is that the GB-baryon couplings are determined by a single couplingg A . The effective Lagrangian will be explicitly invariant under rotations and chiral transformations and the QCD discrete symmetries P and T . The Lagrangian consists of terms which are the product of tensors containing the GB and source fields (chiral tensor operators) with terms which are composite spin-flavor tensor operators built with products of SU (6) generators. The Bases of spin-flavor tensor operators are built using the tools in Appendix A, and requires in general lengthy algebraic work. In the Appendix only the bases needed in this work are provided.
In order to ensure the validity of the OZI rule for the quark mass dependency of baryon masses, namely, that the non-strange baryon mass dependence on m s is O(N 0 c ), the following combination of the source χ + is defined: For convenience a scale Λ is introduced, which can be chosen to be a typical QCD scale, in order to render most of the LECs dimensionless. In the calculations Λ = m ρ will be chosen.
The lowest order Lagrangian is [31] :
The kinetic term is O(p N 0 c ), and the terms involving GBs (when the vector and axial vector sources are turned off) start with the Weinberg-Tomozawa term which is O(p/N c ). The second term gives in particular the axial vector current and the GB-baryon interaction.g A is the axial coupling in the chiral and large N c limits (it has to be rescaled by a factor 5/6 to coincide with the usual axial coupling as defined for the nucleon, i.e., g ). This indicates a first issue with the interchange of chiral and large N c limits. As it becomes evident at the NLO due to the non-analytic terms of loop corrections, the limits do not commute, and for that reason it becomes necessary to make a choice: the choice made here is that 1/N c is counted as a quantity of order p: [57] :
, where the spin-flavor operator is n-body (n is the number of factors of SU (6) generators appearing in the operator), and κ takes into account the N c dependency of the spin-flavor matrix elements. The last term, n π /2, stems from the factor (1/F π ) nπ carried by any term with n π GB fields.
For convenience the following definitions are used:
Note that δm gives rise to mass splittings between baryons which are O(1/N c ) or O(p 2 ).
With this, the O(ξ 2 ) Lagrangian is given by 3 :
where additional terms not explicitly displayed are not needed in the present work. Note that there are also O(ξ 2 ) terms stemming from the 1/N c suppressed terms in the LECs of the lower order Lagrangian. Similar comments apply to the higher order Lagrangians. Such terms require knowledge of the physics at N c > 3 to be determined, which can in principle be obtained using LQCD results at varying N c [58, 59] . 3 The notation for the LECs used here differs from the ones used in ordinary BChPT due to the unifitcation of terms demanded by the 1/N c expansion. The notation aims at distinguishing classes of terms in the Lagrangian, e.g., spin-independent mass terms, spin-dependent mass terms, axial-vector couplings, etc.
The identification of some of the LECs with those used in ordinary versions of BChPT are straigtforward.
Similarly, the O(ξ 3 ) Lagrangian needed here is given by:
In this work, some terms O(ξ 4 ) are needed for subtracting UV divergencies, but they are with n B external baryon legs, n π external GB legs, n i vertices of type i which have n B i baryon legs and n π i GB legs, and L loops, the following topological relations hold [60, 61] :
where I π is the number of GB propagators and I B the number of baryon propagators.
The chiral or low energy order of a diagram, where ν p i is the chiral power of the vertex of type i, is then given by [61] :
Note that n B i is equal to 0 or 2 in the single baryon sector.
On the other hand, the 1/N c power of a connected diagram is determined by looking only at the vertices: the order in 1/N c of a vertex of type i is given by:
, where ν O i is the order of the spin-flavor operator. Thus, the 1/N c power of a diagram, upon use of the third Eq. (14), is given by:
where n π is the number of external pions, and ν (15) and (16), which upon use of the topological formulas Eq. (14) leads to:
The ξ-power counting of the UV divergencies is obvious from the earlier discussion. and O(ξ 4 ) counter-terms for masses and axial currents respectively. The non-commutativity of limits is manifested in the finite terms where the GB masses and/or momenta, and δm appear combined in non-analytic terms, and are therefore sensitive to the linking of the two expansions. The ξ expansion corresponds to not expanding such terms at all.
III. BARYON MASSES
In this section the baryon masses are analyzed to order ξ 3 , or next-to-next to leading order (NNLO), in the limit of exact isospin symmetry. To that order one must include the one-loop contribution depicted in Fig. 1 with the vertices from L
B given in Appendix B. The contribution to the self-energy is then given by: (18) where n indicates the possible intermediate baryon states in the loop, P n are the corresponding spin-flavor projection operators, the loop integral J is given in Appendix C, δm n is the residual mass of the baryon in the propagator, i.e. δm in Eq. (11) evaluated for that state n, M a is the mass of the Goldstone Boson in the loop (throughout the Gell-Mann-Okubo
, and p 0 is the energy of the external baryon. In the ξ expansion, the SU (3) breaking effects in δm n are O(ξ 2 ), and thus they can be neglected, i.e., one can simply use δm → . Appendices A and D provide all the necessary elements for the evaluation of the spin-flavor matrix elements in Eq. (18) . The explicit final expressions for the self energy are straightforwardly calculated using those elements, and are not given explicitly because they are too lengthy.
The correction to the baryon mass is given by setting p 0 = 0 in the self-energy correction, and the mass of the baryon state | S, Y I then reads:
where S is the strangeness, δm The ultraviolet divergent pieces of the self energy can be brought to have the following form:
where λ ≡ 1/ − γ + log 4π. Using the SU (3) singlet and octet components of the quark masses, m 0 and m a , the meson mass-squared matrix can be written as:
and therefore,
for any symmetric 8 × 8 tensor W . In terms of M π and M K one has:
In order to obtain from Eq.(21) the counter-terms necessary to renormalize the mass and wave function, one uses the results in Appendix D. The explicit UV divergent and polynomial (in 1/N c , m q , p 0 ) terms of the self energy are the given by: B . To renormalize, the LECs are written as: X = X(µ) + 1 (4π) 2 β X λ , where µ is the renormalization scale and the betafunctions β X necessary to renormalize the masses are given in Table I . The reader can easily work out the renormalization of the wave functions. Finally the non-analytic contributions to δΣ are:
At tree level, and up to order ξ 3 , baryon masses satisfy the GMO and Equal Spacing (ES) relations, which hold unchanged at arbitrary N c . The deviations from these relations are
given by the non-analytic terms in the self energy, i.e., they are calculable to the one-loop order, and in the strict large N c limit they
The calculated deviations compare to the observed ones as follows: GMO: Disregarding the term proportional to h 2 in L
B Eq.(13), which gives SU (3) breaking in the hyperfine splittings, one additional relation follows, first found by Gürsey and Radicati [62] , namely:
which relates SU (3) breaking in the octet and decuplet, and which is valid for arbitrary N c .
The deviation from that relation (26) is due to SU (3) breaking effects in the hyperfine interaction that splits 8 and 10 baryons, and such deviation starts with the term proportional to h 2 which is O(p 2 /N c ). In addition the one-loop contributions to it are free of UV divergencies and the non-analytic terms when expanded in the large N c limit give contributions
To one-loop:
where the last line corresponds to strictly expanding in the large N c limit. For the physical 
Several of these relations are poorly satisfied. The deviations are calculable and given by the non-analytic contributions to one-loop. It is easy to understand why these relations receive large corrections: they behave at large N c as O(p 3 N c ). This implies that tree level relations used to relate m s andm σ terms will in general receive large non-analytic deviations. In the physical case N c = 3, those deviations are numerically large for the first, third, and fourth relations above. This in particular affects the nucleon strangeness σ term, and thus indicates that its estimation from arguments based on tree level relations is subject to important corrections [63] . In terms of the octet components of the quark masses, in addition to GMO and ES relations one finds:
where it can be readily checked that they are well defined for 
Thus they are not as precise as the GMO and ES relations. Finally, if the LEC constant h 3 vanishes, one extra tree-level relation related to Eqn. (26) follows, namely,
which is only violated at large N c as O(1/N 2 c ), and thus expected to be very good. To complete this section, fits to the octet and decuplet baryon masses including results from LQCD are presented. This in particular allows for exploring the range of validity of the calculation as the quark masses are increased. The mass formula for the fit is 4 :
where, in the isospin symmetry limit, χ
. The fits at N c = 3 cannot obviously give the N c dependence of LECs. 4 A useful formula for the term proportional to h 4 is [64] :
S is the strangeness. This term is responsible for the tree-level mass splitting between Λ and Σ.
LECs of terms that depend on quark masses can be more completely determined by fits that include the LQCD results for different quark masses, e.g., c 2 and the various h s. For this reason such combined fits are presented here, in Table II and in Fig. 7 in Appendix E. Also, some LECs are redundant at N c = 3, and are thus set to vanish for the fit. The constant c 3
is also set to vanish as it turns out to be of marginal importance for the fit. A test of mass relations is shown in Table III .
0.47 221 (26) 
The study of the fits show that at fixed M K ∼ 500 MeV, the physical plus LQCD results up to M π ∼ 300 MeV can be fitted with natural size LECs. The LEC h 2 which enters in ∆ GR is best determined by fixing it using ∆ GR in the physical case, and then the rest of the LECs are determined by the overall fit. In this way, the deviations of the mass relations are one of the predictions of the effective theory, and can therefore be used as a test of LQCD calculations. At present the errors in the LQCD calculations are relatively large, and thus such a test is not yet very significant.
IV. VECTOR CURRENTS: CHARGES
In this section the one-loop corrections to the vector current charges are calculated. The analysis is similar to that carried out in [65] , except that in that reference higher order terms in 1/N c in the GB-baryon vertices were included. In the ξ expansion and the order considered here such higher order terms are not required. At lowest order the charges are simply given by the generators T a , the one-loop corrections are UV finite, and since up to O(ξ 3 ) the Ademollo-Gatto theorem (AGT) is satisfied, the corrections to the charges are unambiguously given at one-loop.
The one-loop diagrams are shown in Fig. 2 , and the corrections to the charges are obtained by evaluating the diagrams at q → 0. In that limit the UV divergencies as well as the finite polynomial terms in quark masses and δm cancel in each of the two sets of diagrams, A + B, and C + D + E, as required by the AGT. The results for the diagrams are the following:
where the integrals K, K µ , K µν , H ij and H ij0 are given in Appendix C. Since the temporal component of the current can only connect baryons with the same spin, q 0 is equal to the SU (3) breaking mass difference between them plus the kinetic energy transferred by the current, which are all O(p 2 ), and can be neglected: the limit q 0 → 0 must then be taken in the end. Diagram D indeed requires a careful handling of that limit in the cases when the denominator vanishes. The same is the case for diagram F in the axial-vector currents in next section. The U (1) baryon number current is used to check the calculation: only diagrams C + D contribute, and as required cancel each other.
The UV divergent and polynomial pieces contributed by the diagrams are the following:
where in the evaluations p 0 → δm in and p 0 + q 0 → δm out . Combining the polynomial pieces and using that [δm,
As required by the AGT, when q → 0 the UV divergencies and polynomial terms vanish for all the SU (3) vector charges of the baryon spin-favor multiplet. The calculation of the finite non-analytic contributions has been carried out in previous work [65] , and will not be revisited here.
The only counter term required is the one proportional to g E in Eq. (13), where
, and which provides the only analytic contribution to the octet and decuplet charge radii up to the order of the calculation. More details will be presented elsewhere in a study of the form factors of the the vector currents. In the context of the charge form factors, studies implementing the 1/N c expansion for extracting the long distance charge distribution of the nucleon has been carried out in Refs. [66] [67] [68] [69] . 
V. AXIAL COUPLINGS
The axial vector currents are studied to one-loop. At the tree level the axial vector currents have two contributions, namely the contact term and the GB pole ones, and reads: In the non-relativistic limit, or equivalently large N c limit, the time component of the axial vector current is suppressed with respect to the spatial components. The couplings associated with the latter are analyzed below to O(ξ 2 ).
At the leading order the axial couplings are all given in terms ofg A . For N c = 3:
, and the axial coupling in the decuplet baryons is H =g A /6.
The one-loop diagrams contributing at that order are shown in Fig. 3 . are conveniently defined by: at N c = 3 exactly corresponds to the usual nucleon g A , which has the value 1.267 ± 0.004 [70] .
The results for the one-loop diagrams are the following:
The corresponding polynomial terms of these one-loop contributions are:
The conservation of the axial currents is readily checked in the chiral limit. At this point it is important to check the cancellation of the N c power counting violating terms shown in the polynomial terms of diagrams E and F . Such terms cancel in the sum, as it is easy to show using the results displayed in Appendix D for the axial vector currents. One obtains:
The quark mass dependent UV divergencies are O(m q /N c ), and the quark mass independent ones give a term proportional to G ia , i.e., to the LO term but suppressed by a The one-loop corrections to the axial currents are such that they do not contribute to the Goldberger-Treiman discrepancies (GTD) [71] . The discrepancies are given by terms in the Lagrangian of O(ξ 3 ), namely:
As noted in [71] there are three LECs determining the spin 1/2 GTD in SU (3). The 1/N c expansion shows that those LECs are actually determined by the two shown above, which also determine the GTDs of the decuplet baryons. ) with respect to the leading order, as it was noted long ago [72] . This indicates that the effects of spin-symmetry breaking are more suppressed than the SU (3) symmetry breaking ones [32, 33, 73] . It is important to note that at tree level NNLO the axial couplings satisfy some N c independent relations. For the case of ∆Y = 0 couplings within the baryon octet and decuplet, in the I = 1 case the first relation below follows, and in the I = 0 (η channel) case there are GMO and ES relations, namely:
These relations are only violated by finite non-analytic terms. Additional relations are straightforward to derive for other couplings, such as those involving the ∆Y = ±1 and the octet to decuplet off diagonal ones. Such relations will be a good tool to check results obtained in LQCD calculations of the axial couplings.
At LO and using is at LO equal to g A , while its phenomenological value extracted from the width of the ∆ assuming a vanishing GTD is equal to 1.235 ± 0.011 [34, 35] , which shows a remarkably small breaking of the spin-symmetry. This seems to be in line with what was discussed above, namely that spin symmetry breaking is suppressed with respect to SU (3) breaking by one extra order in 1/N c . In the following subsections the results for the axial couplings are confronted with recent LQCD calculations.
A. Fits to LQCD Results
While LQCD calculations of the axial coupling of the nucleon have a long history, calculations involving hyperons and including the decuplet baryons are very recent. Indeed, the first such calculations were carried out by C. Alexandrou et al [55] , where the axial couplings associated with the two neutral ∆S = 0 currents for transitions within the octet and within the decuplet baryons were obtained. They used a twisted mass Wilson action adapted to 2+1+1 flavors (the calculation includes charmed baryons). The results in [55] show the a similar recurring issue in LQCD calculations of the nucleon's axial coupling, which turn out to be from 5 to 10 % smaller than the physical value. Recent calculations of g N A have been able to give consistent results [75] , but those calculations are still missing for hyperons and the baryon decuplet.
In this subsection the results [55] , are fitted with the effective theory. The LECs that can be fitted with these results are:g A , δg A (which is a 1/N c correction tog A and needed for a counterterm), and C and the ones displayed in [55] are the following:
where B 8,10 is an octet (decuplet) baryon with spin projection +1/2, and the couplings on the RHS are those used in [55] and displayed in Tables IV and V Table I of [55] , and the corresponding M K is determined using the physical masses by the LO relation: Table   V . The LO fit, which involves only fitting the LO value ofg A , shows a remarkably good Ultimately, in order to have the LECs in BChPT×1/N c fully determined, a global analysis involving LQCD calculations of a complete set of observables is necessary. This requires the LQCD determination of the quark mass dependencies of the observables, and also the possibility of results for different values of N c , which is a more difficult task, but which has already been initiated with the baryon masses for two flavors [58] , and which has been analyzed with the effective theory [59] .
VI. SUMMARY
Chiral symmetry and the expansion in 1/N c are two fundamental aspects of QCD. The former is known to play a crucial role in light hadrons, and there are multiple indications that the latter is also important, in particular for baryons. In the context of effective theories, it is therefore crucial to incorporate those two aspects of QCD consistently. This is possible with the combined Chiral and 1/N c expansions. In the present work that framework for baryons in SU (3) was implemented using the ξ-expansion. The renormalization to one-loop for baryon masses and currents were presented for generic N c , and LQCD results for masses and axial couplings were analyzed. This work serves as a basis for further applications, where it is expected that the improved convergence of the effective theory will have a significant impact, which should be particularly important in the case of three flavors.
In the case of three flavors, there are numerous parameter free relations that hold at tree level NNLO in the ξ expansion, such as GMO, ES, and various other relations for σ terms and axial couplings. Those relations have calculable corrections given solely by the non-analytic loop contributions, thus providing useful tests for the accuracy of the effective theory and also serving as control tests of LQCD results through those same relations.
It is important to emphasize the importance of the decuplet in the effective theory, which has a key role in taming the non-analytic contributions and thus improving the convergence, as it is clearly manifested in particular in the axial couplings. This improvement in the behavior of the effective theory when it is made consistent with the 1/N c expansion permeates other observables, such as the mass relations and vector charges, as well as virtually any other observable, such as in pion-nucleon scattering, in Compton scattering, etc.
follows:
Matrix elements of spin-flavor generators
The SU (6) algebra involved in the calculations is quite lengthy and laborious, and therefore it is useful to provide basic details that are of help in implementing it. Here the matrix elements of the SU (6) generators are given; additional details can be found in [76] . In general the matrix elements of a SU (2) spin × SU (3) tensor operator between baryons of the form | SS 3 , R Y II 3 , where R is the irreducible representation of SU (3) to which the state belongs, will be given according to the Wigner-Eckart theorem in terms of reduced matrix elements and Clebsch-Gordan coefficients as follows:
where γ indicates the re-coupling index in SU (3) for R ⊗R → R . Matrix elements of the spin-flavor generators between baryon states in the spin-flavor symmetric representation are then given by:
(N c − 2S)) (1, 1)
(N c − 2S)) (1, 1) (N c − 2S)):
In the case of the generators G, γ = 1 (2) correspond to the re-couplings R ⊗R → 8 (8 ) respectively.
Bases of spin-flavor composite operators
Here the bases of 2-and 3-body spin-flavor operators along with important operator relations relevant to this work are given.
There are operator relations which are valid for matrix elements in the symmetric irreducible representation of SU (6). The first ones are relations for 2-body operators [57] , and are shown in Table VI . The relations in Ref. [57] are for general N f , and the correspondence for N f = 3 given here is as follows (left Ref. [57] , right Table (VI)): 0 → 1,ss → 27,ās +sa → 10 +10, while there is no termāa for N f = 3.
Relation SU (2) spin × SU (3)
(1, 10 +10) The following identities follow from Table (VI) , namely from the (0, 1) relations:
from the (0, 8) relations:
and from the (1, 8) relations:
while the rest of the identities are explicit in Table VI . Making use of these relations, the basis of 2-body operators can be chosen to be as shown in Table VII: Making use of the basis of 2-body operators, some lengthy work leads to building the basis of 3-body operators with = 0, 1. That basis is displayed in 
where D µ is the chiral covariant derivative, s and p are scalar and pseudo-scalar sources, and µ and r µ are gauge sources. It is convenient to define the SU (3) singlet and octet components of χ ± using the fundamental SU (3) irreducible representation, namely:
Displaying explicitly the quark masses,
The three quark mass combinations, namely SU (3) singlet, isosinglet, and isotriplet are respectively defined to be:
The spin-flavor operators were discussed in Appendix A.
The leading order equations of motion are used in the construction of the higher order terms in the Lagrangian, namely, iD 0 B = ( 
Interaction vertices and currents at LO
The interaction vertices and the currents derived from the LO Lagrangian and needed for the one-loop calculations are given here for convenience. The interactions are depicted in Fig.(4) , the vector currents in Fig.(5) and and the axial-vector currents in Fig.(6 
where the A i are heavy particle static propagators denominators, and the B i are relativistic ones.
The integration over a Feynman parameter λ is of the general form: Integrals with factors of λ in the numerator are obtained by using
and the recurrence relations
For convenience in some of the calculations for the currents, the following integral is defined: 
Specific integrals
Here a summary of relevant one-loop integrals for the calculations in this work is provided for the convenience of the reader.
where:
The polynomial pieces of the integrals are as follows:
where the UV divergency is given by the terms proportional to λ ≡ 1/ − γ + log 4π, where
◼
